We establish the Poincaré-type inequalities for the composition of the LaplaceBeltrami operator and the Green's operator applied to the solutions of the nonhomogeneous A-harmonic equation in the John domain. We also obtain some estimates for the integrals of the composite operator with a singular density.
Introduction
The purpose of the article is to develop the Poincaré-type inequalities for the composition of the Laplace-Beltrami operator Δ = dd* + d*d and Green's operator G over the δ-John domain. Both operators play an important role in many fields, including partial differential equations, harmonic analysis, quasiconformal mappings and physics [1] [2] [3] [4] [5] [6] . We first give a general estimate of the composite operator Δ ○ G. Then, we consider the composite operator with a singular factor. The consideration was motivated from physics. For instance, when calculating an electric field, we will deal with the integral
r−x r−x 3 dx, where r(x) is a charge density and x is the integral variable. It is singular if r D. Obviously, the singular integrals are more interesting to us because of their wide applications in different fields of mathematics and physics.
In this article, we assume that M is a bounded, convex domain and B is a ball in ℝ n , n ≥ 2. We use sB to denote the ball with the same center as B and with diam (sB) = sdiam(B), s > 0. We do not distinguish the balls from cubes in this article. We use |E| to denote the Lebesgue measure of a set E ⊂ ℝ n . We call ω a weight if ω ∈ L 1 loc (R n ) and ω > 0 a.e. Differential forms are extensions of functions in ℝ n . For example, the function u(x 1 , x 2 ,..., x n ) is called a 0-form. Moreover, if u(x 1 , x 2 ,..., x n ) is differentiable, then it is called a differential 0-form. The 1-form u(x) in ℝ n can be written as u(x) = n i=1 u i (x 1 , x 2 , . . . , x n )dx i . If the coefficient functions u i (x 1 , x 2 ,..., x n ), i = 1, 2,..., n, are differentiable, then u(x) is called a differential l-form. Similarly, a differential kform u(x) is generated by {dx i 1 ∧ dx i 2 ∧ · · · ∧ dx i k }, k = 1, 2,..., n, that is, u(x) = I u I (x)dx I = u i 1 
satisfying M |u I | p < ∞ for all ordered l-tuples I, l = 1, 2,..., n. We denote the exterior
.., n -1, and define the Hodge star operator * :
and the Laplace-Beltrami operator Δ is defined by Δ = dd* + d* d. We write
be the l-th exterior power of the cotangent bundle, C ∞ (∧ l M) be the space of smooth l-
, where H is the harmonic projection operator that maps
is the harmonic part of u [ [7, 8] , for more properties of these operators]. The differential forms can be used to describe various systems of PDEs and to express different geometric structures on manifolds. For instance, some kinds of differential forms are often utilized in studying deformations of elastic bodies, the related extrema for variational integrals, and certain geometric invariance [9, 10] . We are particularly interested in a class of differential forms satisfying the well known non-homogeneous A-harmonic equation
where 
Main results and proofs
We first introduce the following definition and lemmas that will be used in this article. defined by dμ(x) = ω(x)dx for a weight ω(x). Then, we have
for any positive constant a, where
.., n, 1 <s < ∞. Then, there exists a positive constant C, independent of u, such that
Each Ω has a modified Whitney cover of cubes V = {Q i }such that
≤ Nχ and some N >1, and if Q i ∩ Q j ≠ ∅, then there exists a cube R (this cube need not be a member of
Moreover, if Ω is δ-John, then there is a distinguished cube Q 0 ∈ Vwhich can be connected with every cube Q ∈ Vby a chain of cubes Q 0 , Q 1 ,..., Q k = Q from Vand such that Q ⊂ rQ i , i = 0, 1, 2,..., k, for some r = r (n, δ).
.., n, 1 <s < ∞, G be the Green's operator and Δ be the Laplace-Beltrami operator. Then, there exists a constant C, independent of u, such that
for all balls B ⊂ M. Proof By using Lemma 2.2, we have
This ends the proof of Lemma 2.
.., n, 1 < s <∞, be a solution of the nonhomogeneous A-harmonic equation in a bound and convex domain M, G be the Green's operator and Δ be the Laplace-Beltrami operator. Then, there exists a constant C independent of u, such that ⎛
for all balls B with sB ⊂ M and diam(B) ≥ d 0 >0, where d 0 is a constant, s >1, and any real number a and l with a > l ≥ 0. Here x B is the center of the ball B.
Proof Let ε (0, 1) be small enough such that εn < a -l and B ⊂ M be any ball with center x B and radius r B . Also, let δ >0 be small enough, B δ = {x B : |x -x B | ≤ δ} and D δ = B \B δ . Choose t = s/(1 -ε), then, t > s. Write b = t/(t -s). Using the Hölder inequality and Lemma 2.4, we have
We may assume that x B = 0. Otherwise, we can move the center to the origin by a simple transformation. Then,
Therefore, for any x B, |x -x B | ≥ |x|-|x B | = |x|. By using the polar coordinate substitution, we have
Choose m = nst/(ns + at -lt), then 0 < m < s. By the reverse Hölder inequality, we find that
where s >1 is a constant. By the Hölder inequality again, we obtain
(2:8)
Fang
By a simple calculation, we find that n -ab + lb + nb(s -m)/m = 0. Substituting (2.6)-(2.8) in (2.4), we have
(2:10)
Notice that lim δ→0
. letting δ 0 in (2.10), we obtain (2.3). we have completed the proof of Lemma 2.5. □ Theorem 2.6 Let u D'(Ω, Λ l ) be a solution of the A-harmonic equation (1.1), G be the Green's operator and Δ be the Laplace-Beltrami operator. Assume that s is a fixed exponent associated with the non-homogeneous A-harmonic equation. Then, there exists a constant C, independent of u, such that ⎛ 
where s >1 is a constant. Let μ(x) and μ 1 (x) be the Radon measure defined by
α dx and dμ 1 (x) = g(x)dx, respectively. Then,
where P is a positive constant. Then, by the elementary in equality (a + b) s ≤ 2 s (|a|
for a fixed Q 0 ⊂ Ω. The first sum in (2.14) can be estimated by using Lemma 2.1 with = t s , a = 2, and Lemma 2.5
(2:15)
To estimate the second sum in (2.14), we need to use the property of δ-John domain. Fix a cube Q ∈ V and let Q 0 , Q 1 ,..., Q k = Q be the chain in Lemma 2.3.
The chain {Q i } also has property that, for each i, i = 0, 1,..., k -1, with
For such D j , j = 0, 1,..., k -1, Let |D*| = min{|D 0 |, |D 1 |,..., |D k -1|} then
By (2.13), (2.17) and Lemma 2.5, we have
(2:18)
Fang 
for every x ℝ n . Then
Notice that
Using elementary inequality
(2:20)
Substituting (2.15) and (2.20) in (2.14), we have completed the proof of Theorem 2.6. Using Lemma 2.2, we obtain where s >1 is a constant. Using (2.21), we have the following Lemma 2.7 whose proof is similar to the proof of Lemma 2.5. □ Lemma 2.7 Let u ∈ L s loc (M, l ), l = 1, 2,..., n, 1 < s <∞, be a solution of the nonhomogeneous A-harmonic equation in a bounded and convex domain M, G be the Green's operator and Δ be the Laplace-Beltrami operator. Then, there exists a constant C independent of u, such that
for all balls B with rB ⊂ M and diam(B) ≥ d 0 >0, where d 0 is a constant, r >1, any real number a and l with a > l ≥ 0. Here, x B is the center of the ball.
Notice that (2.22) can also be written as
Next, we prove the imbedding inequality with a singular factor in the John domain. 
for any bounded and convex δ-John domain Ω ℝ n . Here, the weights are defined by
respectively, a and l are constants with 0 ≤ l < a.
Proof Applying the Covering Lemma 2.3 and Lemma 2.7, we have (2.23) immediately. For inequality (2.24), using Lemma 2.5 and the Covering Lemma 2.3, we have
(2:25)
By the definition of the · W 1,s ( ),ω 1 norm, we know that
Substituting (2.23) and (2.25) into (2.26) yields
We have completed the proof of the Theorem 2.8. □ Theorem 2.9 Let u D'(Ω, Λ l ) be a solution of the A-harmonic equation (1.1), G be the Green's operator and Δ be the Laplace-Beltrami operator. Assume that s is a fixed exponent associated with the non-homogeneous A-harmonic equation. Then, there exists a constant C, independent of u, such that
for any bounded and convex δ-John domain Ω ℝ n . Here the weights are defined by
|x−x Q i | λ , a and l are constants with 0 ≤ l < a, and the fixed cube Q 0 ⊂ Ω and the constant N >1 appeared in Lemma 2.3.
Proof
Thus, by using Theorem 2.6 and (2.23), we have
Thus, (2.27) holds. The proof of Theorem 2.9 has been completed. □ As applications of our main results, we consider the following example.
, and u be a function(0-form) in (1.1).
Then, the operator A satisfies the required conditions and the non-homogeneous Aharmonic equation(1.1) reduces to the usual p-harmonic equation
is a generalized solution of the quasilinear elliptic equation
in Ω -f -1 (0), where
and θ i,j are some functions, which can be expressed in terms of the differential matrix Df(x) and satisfy
for some constants C 1 (K), C 2 (K) >0. Choosing u is defined in (2.31) and applying Theorems (2.6), (2.8) and (2.9) to u, respectively, we have the following theorems. |x−x Q i | λ , respectively, a and l are constants with 0 ≤ l < a < n.
